Published by Institute of Physics Publishing for SISSA Received: July 4, 2005 Accepted: September 19, 2005 Published: September 30, 2005

Renormalization group evolution of Dirac neutrino masses

Manfred Lindner,^a Michael Ratz^b and Michael Andreas Schmidt^a

aPhysik-Department T30, Technische Universität München James-Franck-Straße, 85748 Garching, Germany bPhysikalisches Institut der Universität Bonn Nussallee 12, 53115 Bonn, Germany E-mail: lindner@ph.tum.de, mratz@th.physik.uni-bonn.de, mschmidt@ph.tum.de

Abstract: There are good reasons why neutrinos could be Majorana particles, but there exist also a number of very good reasons why neutrinos could have Dirac masses. The latter option deserves more attention and we derive therefore analytic expressions describing the renormalization group evolution of mixing angles and of the CP phase for Dirac neutrinos. Radiative corrections to leptonic mixings are in this case enhanced compared to the quark mixings because the hierarchy of neutrino masses is milder and because the mixing angles are larger. The renormalization group effects are compared to the precision of current and future neutrino experiments. We find that, in the MSSM framework, radiative corrections of the mixing angles are for large tan β comparable to the precision of future experiments.

Keywords: Beyond Standard Model, Neutrino Physics, Renormalization Group.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep092005081 /jhep092005081 .pdf

Contents

1. Introduction 1

2. Analytic formulae 2

3. Radiative corrections and future precision experiments 5

4. Summary 10

A. Mixing parameters RGEs for Dirac masses 11 A.1 Lagrangian 11 A.2 β-functions 11 A.3 General derivation 12 A.4 Contribution from the change of Y_u 14 A.5 Mixing parameter RGEs in the quark sector 15 A.6 Mixing parameter RGEs in the (Dirac) neutrino sector 15

1. Introduction

One of the most important open questions of neutrino physics is whether neutrinos are Dirac or Majorana particles. From a theoretical perspective, large Majorana mass terms appear quite naturally for the right-handed neutrinos, since they are complete gauge singlets. This leads directly to the best investigated (and therefore most popular) explanations for the huge ratio of observed mass scales in the see-saw mechanism [1 – 6]. In its simplest form, neutrino masses get suppressed by a factor v_{EW}/M_∗ with v_{EW} denoting the vacuum expectation value (VEV) of the Higgs boson and M_∗ being the scale at which B − L symmetry (baryon minus lepton number) is assumed to be broken. However, it is important to keep in mind that the suppression factor v/M_∗ (with M_∗ now being the GUT scale or a related scale) arises rather generally whenever neutrino masses arise from integrating out heavy degrees of freedom with mass M_∗. This statement holds independently of the nature of neutrino masses, in particular both for Dirac and Majorana masses. Indeed, there exist a couple of appealing models where small Dirac masses are explained in this way by using extra, heavy degrees of freedom, or by relating the Yukawa coupling Y_ν to the ratio of gravitino mass (or other soft masses) and GUT (or compactification) scale [7 – 12]. Another possibility is using localization in extra dimensions, and explaining the suppression by a small overlap of the corresponding zero-mode profiles along extra dimensions (see, e.g., [13 – 15]). Further support for Dirac neutrinos was found in certain orbifold compactifications of the heterotic string, where it is difficult to obtain the standard see-saw [16]. For recent overviews and further references of various possibilities of explaining small Dirac masses see [17 – 19].

– 1 –

Cosmological arguments do not give a preference for Dirac or Majorana masses either. For instance, even if one requires the explanation of the observed baryon asymmetry to be related to neutrino properties, one finds that successful baryogenesis can work both for Majorana [20, 21] and Dirac [22, 23] neutrinos. Dirac neutrinos evade also constraints from primordial nucleosynthesis, since the right-handed degrees of freedom decouple with a low temperature so that their energy density is relatively suppressed [24]. The question whether neutrinos are Dirac or Majorana particles is therefore one of the main motivations for improved neutrino-less double beta decay experiments. Both options should therefore be studied seriously until this question is clarified by experiments.

We investigate in this Letter RG effects under the assumption that neutrinos are Dirac particles, and that the small Yukawa couplings are explained by some mechanism operating at a high, e.g. GUT or compactification, scale, denoted by M_{GUT} in the following. The radiative corrections to the leptonic CP violation has been studied in [25]. We extend this analysis to include all leptonic mixing parameters, and derive analytic formulae describing the renormalization group (RG) running of the leptonic mixing parameters. The radiative corrections are compared to analogous corrections in the quark sector, and we will show that generically RG running in the lepton sector is stronger than in the quark sector since the coefficients of the renormalization group equations (RGEs) are enhanced due to the fact that mass hierarchy is milder and the mixing angles are larger in the lepton sector. We compare the size of the radiative corrections to the accuracy of present and future neutrino experiments, and find that they are particularly relevant if neutrino masses are degenerate and tan β is large in the MSSM.

2. Analytic formulae

Using the standard parameterization (see, e.g., [26]) for leptonic (and quark) mixing the RGEs for the leptonic mixing angles read

θ̇_{12} = −C y^{2τ} 32 π^2 m^2_1 + m^2 m^2 − m^2_1 sin(2 θ_{12}) sin^2 θ_{23} + O(θ_{13}) , (2.1)

θ̇_{13} = −C y^{2τ} 32 π^2 1 � m^2_3 − m^2_1 � � m^2_3 − m^2 � × × � m^2 − m^2_1 � m^2_3 cos δ cos θ_{13} sin(2 θ_{12}) sin(2 θ_{23}) + � m^4_3 − � m^2 − m^2_1 � m^2_3 cos(2 θ_{12}) − m^2_1 m^2 � cos^2 θ_{23} sin(2 θ_{13}) � , (2.2)

θ̇_{23} = −C y^{2τ} 32 π^2 � m^4_3 − m^2_1 m^2 + (m^2 − m^2_1) m^2_3 cos(2 θ_{12}) � (m^2_3 − m^2_1) (m^2_3 − m^2) sin(2 θ_{23}) + O(θ_{13}) , (2.3)

where the dot indicates the logarithmic derivative w.r.t. the renormalization scale μ, e.g. θ̇_{12} = dθ_{12}/dt = μ dθ_{12}/dμ, and C = � 1 , (MSSM) , −3/2 , (SM) .

(2.4)

Here, we have neglected the tiny electron and muon Yukawa couplings, as well as the neutrino Yukawa couplings, against the τ Yukawa coupling y_τ . Furthermore, in θ̇_{12} and

– 2 – θ̇_{23} we only kept the leading order term of an expansion in the reactor mixing angle θ_{13}. We have checked numerically that this is a good approximation for realistic values of θ_{13}.

It is instructive to compare eqs. (2.1)–(2.3) to the corresponding expressions for Majorana neutrinos. Technically one obtains eqs. (2.1)–(2.3) by discarding all terms which depend on the Majorana phases in eqs. (8)–(10) of ref. [27]. One could thus say that the running of the Dirac mixing parameters resembles the running of Majorana mixing parameters averaged over the Majorana phases φ_1 and φ_2.^1 This means in particular that strong damping effects for the evolution of θ_{12}, as observed for Majorana neutrinos, cannot occur in the Dirac case.

From eqs. (2.1)–(2.3), we can immediately recognize several features of the RG evolution. First, for a strong mass hierarchy, the running of the angles is negligible. For m_1 = 0, the angles always run less than 1^∘ (except for θ_{23} which runs more if tan β ≳ 40). Second, for m_1 ≳ 0.02 eV, θ_{12} has the strongest RG evolution. Third, as is obvious from eqs. (2.1) and (2.3), in the MSSM θ_{12} always increases when running downwards while θ_{23} increases for a normal and decreases for an inverted mass hierarchy. This means that these two angles are radiatively enhanced (for normal mass ordering) which may, at least partially, be the reason for their large size. Whether θ_{13} increases or decreases depends on δ.

The evolution of the Dirac phase δ is described by^2

δ̇ = δ̇^{(−1)} θ^{−1}_{13} + δ̇^{(0)} + δ̇^{(1)} + O�θ^2_{13}�, (2.5)

with the first two coefficients δ̇^{(k)} given by

δ̇^{(−1)} = C y^{2τ}

32 π^2

(m^2 − m^2_1) m^2_3 � m^2_3 − m^2_1 � � m^2_3 − m^2

� sin(δ) sin(2 θ_{12}) sin(2 θ_{23}) , (2.6a)

δ̇^{(0)} = 0 . (2.6b)

Moreover, the term linear in θ_{13} contains

δ̇^{(1)} = C y^{2τ}

16 π^2 m^2 � m^2_3 − m^2_1

�_2 � m^2 − m^2_1 � � m^2_3 − m^2_1 � � m^2_3 − m^2

� cot(θ_{12}) sin(2 θ_{23}) sin δ + · · · , (2.6c)

which becomes relevant if θ_{13} is not too small.

As usual, δ is undefined for θ_{13} = 0. Clearly, if δ vanishes for some scale, the (lepton sector of the) theory is CP invariant at this scale and thus remains CP invariant for all

1Stated differently, the running in the Dirac case is roughly half of the maximal running in the Majorana case. The factor 1/2 can be understood from the structure of the RGE: in the Dirac case, the mass matrix gets rotated by only one term (cf. eq. (A.3d)),

Δm ν = C mν “ Y^†_e Ye ” + flavor-trivial terms ,

while in the Majorana case there are two terms

Δm ν = C » mν “ Y^†_e Ye ” + “ Y^†_e Ye

”_T mν – + flavor-trivial terms ,

with C = −3/2 in SM [28] and two-Higgs models [29], and C = 1 in the MSSM [30, 31].

2The evolution of the weak basis CP invariant has already been studied in [25].

– 3 –

(a) sin^2(2θ_{13}). (b) δ.

Figure 1: Evolution of (a) sin^2(2θ_{13}) and (b) δ for small values of θ_{13}. We use tan β = 50, θ_{13} = 0.1^∘ , m_1 = 0.1 eV and best-fit values for all other parameters. The solid (black), dash-dotted (red) and dashed (blue) curve shows the evolution of (a) θ_{13} and (b) δ for δ = 45^∘ , 20^∘ and 1^∘ at the electroweak scale, respectively. θ_{13} cannot become 0 in any of the cases.

scales. Hence, the statement δ = 0 cannot depend on the renormalization scale, which can also be seen in our formulae. Likewise, if θ_{13} is zero at some given scale, the theory must again be CP invariant for all scales.^3 From this we conclude that θ_{13} can never cross zero if we have at some scale θ_{13} ≠ 0 and sin δ ≠ 0. If θ_{13} approaches zero, then we can see from (2.5) that δ runs quickly to a value such that the coefficient in (2.2) changes its sign and θ_{13} increases again. Thus, the only case where θ_{13} can cross zero is the CP conserving case. This is interesting for future precision measurements of θ_{13}, since the assumption of leptonic CP violation at any scale leads to the conclusion that the weak-scale value of θ_{13} does not vanish. We illustrate the corresponding large effects in the evolution of δ in figure 1. For all our plots, we use the software packages REAP and MPT associated with [33].

We can understand this feature also differently. In the above approximation, we can write U_{e3} = θ_{13}e^{−iδ} and by inserting the RGEs for θ_{13} and δ, we find in the limit θ_{13} → 0 d dt U_{e3} = θ̇_{13} e^{−iδ} − i θ_{13} e^{−iδ} δ̇ ≃ C y^2_τ 32 π^2

(m^2 − m^2_1) m^2_3 � m^2_3 − m^2_1 � � m^2_3 − m^2

� sin(2 θ_{12}) sin(2 θ_{23}) . (2.7)

For θ_{13} → 0 we find thus that the RG change of U_{e3} is along the real axis and U_{e3} can therefore only become zero if it is real. The imaginary part of eq. (2.7) allows to determine a minimal value of θ_{13} as (θ_{13})_{min} ≃ θ_{13}(μ) sin δ(μ) where any scale μ can be used.

Furthermore, let t_0 denote the turning point of θ_{13} characterized by δ = π/2. The ‘asymptotic’ behavior δ(t − t_0) ≃ −δ(t_0 − t) = π − δ(t_0 − t) is a consequence of the fact that δ̇ is an odd function in θ_{13}.^4 This allows to understand why δ approaches π − δ(m_Z ) for large μ in figure 1.

3This is in contrast to the case of Majorana neutrinos, where the memory to CP violation can be stored in the Majorana phases, and θ13 can cross zero even in the presence of leptonic CP violation [32, 27].

4We have introduced π in order to keep θ13 positive as we use the convention that θ13 is always positive, and a possible sign flip is absorbed in a jump of δ.

– 4 –

(a) m_i(μ)/m_i(m_Z ). (b) Δm^2_{ij}(μ)/Δm^2_{ij} (m_Z ).

Figure 2: Example of the evolution of the mass eigenvalues and the Δm^2s. We choose m_1(m_Z ) = 0.1 eV, δ(m_Z ) = 50^∘ , tan β = 50 and a SUSY breaking scale of 200 GeV, and best-fit values otherwise.

The evolution of the mass eigenvalues is given by

16π^2 ṁ_1 = � Cy^2_τ � cos^2 θ_{12} cos^2 θ_{23} sin^2 θ_{13} + sin^2 θ_{12} sin^2 θ_{23}− − 1 2 cos δ sin θ_{13} sin(2 θ_{12}) sin(2 θ_{23}) � + α_ν � m_1 , (2.8a)

16π^2 ṁ_2 = � Cy^2_τ � sin^2 θ_{12} cos^2 θ_{23} sin^2 θ_{13} + cos^2 θ_{12} sin^2 θ_{23}+ + 1 2 cos δ sin θ_{13} sin(2 θ_{12}) sin(2 θ_{23}) � + α_ν � m_2 , (2.8b)

16π^2 ṁ_3 = � Cy^2_τ cos^2 θ_{13} cos^2 θ_{23} + α_ν � m_3 . (2.8c)

α_ν represents the flavor-independent part of the RGE, and is given in (A.5d). Clearly, the dominant RG effect of the masses is a common rescaling governed by α_ν . In addition, for large tan β in the MSSM, there are corrections specific to the individual m_i. In leading order in θ_{13}, these effects tend to decrease Δm^2_{atm} for a normal hierarchy and to increase Δm^2_{atm} for an inverted hierarchy when running down.

Figure 2 shows an extreme example of the evolution of the mass eigenvalues and the corresponding Δm^2_{sol} and Δm^2_{atm}. For large tan β, there are substantial deviations from the flavor-independent scaling of the mass eigenvalues. The latter can be approximately inferred from the curve of m_1 in figure 2a.

3. Radiative corrections and future precision experiments

An important question is if future experiments will reach a precision which allows to draw interesting conclusions from quantum corrections. There exist, for example, models where

– 5 – θ_{13} vanishes at the GUT scale, but RG corrections still lead to a finite value of θ_{13} at low energies. A certain finite value of θ_{13} is therefore guaranteed unless the initial values at the GUT scale and the independent RG effects are adjusted to cancel each other. From the discussion of the previous section, we would also know that the CP phase δ would vanish for all scales for Dirac neutrinos, while it could become finite for Majorana neutrinos. A finite value of δ and θ_{13} would thus exclude either Dirac neutrinos or θ_{13}(M_{GUT} ) = 0. Similar arguments can be made for other quantities of the leptonic mixing matrix. θ_{23}, for example, is within current experimental errors compatible with 45^∘. However, as in the case of θ_{13}, certain deviations are expected from RG effects even if 45^∘ is exactly predicted at the GUT scale. Future precision measurements of neutrino oscillations may therefore allow interesting tests of flavor models and related renormalization group effects.

Atmospheric neutrino data [34] and results from the K2K long-baseline accelerator experiment [34] currently determine Δm^2_{31} = (2.2^{+0.6}_{−0.4} ) × 10^{−3} eV^2 and θ_{23} ≈ 45^∘ [34, 35], whereas solar neutrino data [36 – 43], combined with the results from the KamLAND reactor experiment [44] lead to Δm^2_1 = (8.2^{+0.3}_{−0.3} ) × 10^{−5} eV^2 and tan^2 θ_{12} = 0.39^{+0.05}_{−0.04} [35]. These results are to a good approximation still described by two independent two flavor oscillations. The key parameter for genuine three flavor effects is the mixing angle θ_{13} which is so far only known to be small from the CHOOZ [45, 46] and Palo Verde [47] experiments. The current bound for θ_{13} depends on the value of the atmospheric mass squared difference and it gets weaker for Δm^2_{31} ≲ 2 × 10^{−3} eV^2. However, in that region an additional constraint on θ_{13} from global solar neutrino data becomes important [48, 49]. At the current best fit value of Δm^2_{31} = 2.2 × 10^{−3} eV^2 the 3σ bound is sin^2 θ_{13} ≤ 0.041 [35].

Genuine three flavor oscillation effects occur only for a finite value of θ_{13} and establishing a finite value of θ_{13} is therefore one of the next milestones in neutrino physics. Leptonic CP violation is another three flavor effect which can only be tested if θ_{13} is finite. There exists therefore a very strong motivation to establish a finite value of θ_{13} and then leptonic CP violation [50 – 54]. Different experimental projects are therefore under construction or are being planned in order to achieve these goals. It is useful to divide the future into what can be achieved with specific current or next generation projects and what may be achieved with long term projects. The MINOS [55] project, which started already data taking, and the CNGS projects ICARUS [56] and OPERA [57], which are completing construction can be considered as “current projects”. Beyond that exist other, more ambitious “next generation” projects like the superbeam experiments J-PARC to SuperKamiokande (T2K) [58] and the NuMI off-axis experiment NOνA [59]. In addition there are “next generation” plans for new reactor neutrino experiments [60] with a near and far detector. A first interesting question concerns improvements of Δm^2_{31} and sin^2 θ_{23}. In table 1 we show the relative precision which can be obtained in the future in comparison to the current precision, as obtained from a global fit to SuperKamiokande (SK) atmospheric and K2K long-baseline data [48, 49]. We observe from these numbers, that the accuracy on Δm^2_{31} can be improved by one order of magnitude, whereas the accuracy on sin^2 θ_{23} will be improved only by a factor two.

– 6 –

|Δm^2_{31}| sin^2 θ_{23} current 88% 79% MINOS+CNGS 26% 78% T2K 12% 46% NOνA 25% 86% Combined 9% 42%

Table 1: Relative precision of |Δm^2_{31}| and sin^2 θ_{23} at 3σ for the values Δm^2_{31} = 2 × 10^{−3} eV^2, sin^2 θ_{23} = 0.5. The last row is the relative precision which can be obtained by combining all experiments (from [61]).

Table 1 depends on the value of Δm^2_{31} and the sensitivity suffers for all experiments for low values of Δm^2_{31}. T2K will provide a relatively precise determination of Δm^2_{31} for Δm^2_{31} ≳ 2 × 10^{−3} eV^2. Although NOνA can put a comparable lower bound on Δm^2_{31}, the upper bound is significantly weaker, and similar to the bound from MINOS [61]. The reason for this is a strong correlation between Δm^2_{31} and θ_{23}, which disappears only for Δm^2_{31} ≳ 3 × 10^{−3} eV^2. From table 1 one can also see that only T2K is able to improve the current bound on sin^2 θ_{23}. The main reason for the rather poor performance on sin^2 θ_{23} is the fact that these experiments are mostly sensitive to sin^2 2θ_{23}. This implies that for θ_{23} ≈ π/4 it is very hard to achieve a good accuracy on sin^2 θ_{23}, although sin^2 2θ_{23} can be measured with relatively high precision [62].

An important task of the next generation long baseline and reactor experiments of the coming years will be to establish the three flavored-ness of the oscillations. The sensitivity to a finite value of the key parameter θ_{13} is only modest for MINOS, OPERA and ICARUS. Double Chooz, T2K and NOνA can do much better. The sin^2 2θ_{13}-limits of the beam experiments are, however, strongly affected by parameter correlations and degeneracies, whereas new reactor experiments provide a “clean” measurement of sin^2 2θ_{13} [63]. Altogether these experiments will provide an improvement by about a factor ten for sin^2 2θ_{13} over the existing limit. In addition, the KamLAND [44] (and solar neutrino) data will also further increase the accuracy for Δm^2_1 and θ_{12}. An accuracy of 5% for Δm^2_{12} and 20% for sin^2 θ_{12} is expected. Further improvements are possible, e.g. by loading the SuperKamiokande detector with Gadolinium, which might lead to an error of 3% for Δm^2_1 and 15% for sin^2 θ_{12}, both at 99%CL [64].

Beyond the next generation accelerator and reactor based oscillation experiments exist much more ambitious projects like the JHF-HyperKamiokande project, beta beams and neutrino factories.^5 Such experiments clearly require further R&D before they can be built. However, assuming current knowledge, such facilities appear to be possible and they will lead to a precision at the level of percent or even below. With a neutrino factory, for example, a sensitivity to a finite value of sin^2 2θ_{13} might be achievable down to 10^{−5} .

It is interesting to compare these perspectives with RG effects. To illustrate the RG effects, we start with initial values for the mixing parameters at the GUT scale, M_{GUT} =

5See [67] for a comparison and for references.

– 7 –

(a) Δ_{RG}θ_{12} ≡ θ_{12}(m_Z ) − θ_{12}(M_{GUT}). (b) Δ_{RG}θ_{23} ≡ |0.5 − sin^2 θ_{23}(M_{GUT})|.

Figure 3: Radiative correction to (a) θ_{12} and (b) θ_{23} for θ_{12} = 33^∘ , θ_{13} = 10^∘ , θ_{23} = 45^∘ and δ = 90^∘ at μ = m_Z as a function of tan β and m_1. These contours remain to a large extent unchanged when varying θ_{13} in the allowed range and δ arbitrarily.

3×10^{16} GeV, assuming that these values find an explanation in a more fundamental theory.^6 These initial values are then compared with the corresponding mixing parameters at m_Z . In all our illustrations, we assume m_{SUSY} = 1 TeV, and a normal mass hierarchy. The simple expressions (eqs. (2.1)–(2.3) and (2.5)) allow a quick estimate of the RG effects. A more precise evaluation requires a numerical analysis for which we use the Mathematica package REAP [33], which is publicly available.^7

The mixing angles θ_{12} and θ_{23} turn out to be rather unstable for a degenerate spectrum (cf. figure 3). As a consequence, a Dirac version of quark-lepton complementarity [68 – 70] can only work for certain mass eigenvalues and ratios of the Higgs VEVs and tan β (for the discussion of the RG effects in the see-saw Majorana case see [33, 71, 72]). This means stability of θ_{12} is only given in models with hierarchical masses and/or small tan β. Note also that for an inverted hierarchy θ_{12} is unstable. This means that concerning θ_{12} RG effects are in general an issue. RG corrections to the special value θ_{23} = 45^∘ can be comparable to the precision of upcoming experiments. Again, this happens for a quite degenerate spectrum and/or large tan β.

The running of θ_{13} depends crucially on its initial value. We illustrate this by plotting the radiative correction to sin^2 2θ_{13} in figure 4. Most important is the second term in eq. (2.2) which is dominant for not too small θ_{13}. As a consequence we find that, for θ_{13} = 0 at the high scale, running in general does not generate a measurable value at the low scale. Only for the most optimistic sensitivities, a quite degenerate spectrum

6One could, for instance, enjoy the possibility of fixing the initial values by continuous (e.g. [65]) or discrete (e.g. [66]) symmetries. In this case, RG effects add to the corrections arising from the breakdown of those symmetries.

7See http://www.ph.tum.de/~rge/.

– 8 –

(a) θ_{13}(m_Z ) = 10^∘; δ(m_Z ) = 90^∘. (b) θ_{13}(m_Z ) = 0.

Figure 4: Radiative correction to sin^2 2θ_{13}, defined as Δ_{RG} sin^2 2θ_{13} ≡ | sin^2 2θ_{13}(M_{GUT}) − sin^2 2θ_{13}(m_Z )|, as a function of tan β and m_1. We take θ_{12}(m_Z ) = 33^∘ and θ_{23}(m_Z ) = 45^∘ .

θ_{13}(m_Z ) = 10^∘ θ_{13}(m_Z ) = 0.1^∘

Figure 5: Radiative correction to δ, defined as Δ_{RG}δ ≡ � �δ(m_Z ) − δ(M_{GUT}) � � for (a) θ_{13}(m_Z ) = 10∘ and (b) θ_{13}(m_Z ) = 0.1^∘ as a function of tan β and m_1. We use δ(m_Z ) = 90^∘ .

and large tan β this conclusion can be avoided. On the other hand, if θ_{13} is not tiny, RG effects can be comparable to the precision of upcoming experiments (except for small tan β).

Finally, let us discuss corrections to δ. From the previous discussion in section 2 it is clear that small θ_{13} corresponds to an unstable configuration with large RG effects, even for a hierarchical spectrum (cf. figure 5b). In particular, RG effects are generically comparable with the precision of future experiments such as the combination T2K+NOνA+Reactor-II, T2HK and NuFact-II (see [73] and references therein).

– 9 –

Let us finally mention that RG effects for Dirac neutrinos will always result in a rescaling of the mass eigenvalues. Beyond that, in the framework of the SM, mixing parameters are quite stable. The only exceptions are θ_{12} for very degenerate masses, and δ for tiny θ_{13}. On the other hand, in the MSSM, RG effects are increased by tan^2 β, i.e. by up to three orders of magnitude.

4. Summary

Assuming Dirac neutrinos, we have derived renormalization group equations for leptonic mixing parameters. The results share several features with the corresponding equations for Majorana neutrinos. However, Dirac running is more predictive, as the Majorana phases are unphysical in this case. This makes it possible to specify the amount of renormalization group evolution unambiguously as soon as m_1 and δ (and tan β) are known. The renormalization group evolution alone does not yield an explanation of the largeness of the leptonic mixing angles (for an analogous and very clear discussion for Majorana neutrinos see [74]). Yet it may account for radiative enhancement of θ_{12}, and possibly also of θ_{23}, since both can increase significantly in the MSSM when running down.

Most importantly, we find that in phenomenological studies renormalization group effects for leptonic mixing angles can in general not be neglected. This can be understood from the fact that θ̇_{ij} = f(m_i, θ_{ij}, δ)/(m^2_i − m^2_j ) which becomes singular if m_i → m_j and vanishes if the mixing angles are zero. We have thus traced back the relative enhancement of the quantum corrections of leptonic mixing parameters as compared to quark mixings to two reasons. First, the mass hierarchy which suppresses the renormalization group running, can be much weaker. Second, the mixing angles are larger so that the parameters are further apart from the renormalization group stable situation where all mixings are zero.

As there is no suppression of the running by phases, the renormalization group corrections should in general be taken into account even for a strong hierarchy to accommodate the precision of future experiments. Renormalization group corrections are especially relevant if the mass spectrum is non-hierarchical, and tan β is large in the MSSM. Hence, similarly to the case of Majorana neutrinos [27], also in the Dirac case the non-observation of deviations of the angles from special points, e.g. of θ_{12} from π/4 − ϑ_{12} (with ϑ_{12} being the Cabibbo angle), of θ_{13} from 0 and θ_{23} from π/4, may restrict the parameters such as the absolute neutrino mass scale. The current experimental data already has the necessary precision to indicate disfavored parameter regions. It may also point to exactly realized symmetries and our formulae can hence be used to identify possible symmetries. Whenever a symmetry is exact and fixes some mixing parameters, those mixing parameters have to be stable under quantum corrections. For instance, it has recently been pointed out [75] that for Majorana neutrinos and an inverted hierarchy the configuration m_3 = θ_{13} = 0 is stable. From the analytic expressions it is obvious that this statement also applies to the Dirac case. Likewise, a quick inspection of the RGEs excludes most of the proposed symmetries from being exact. Our formulae are basis-independent, and thus allow to understand certain features of the underlying theory, such as symmetries, in a basis-independent way. We

– 10 – have discussed this only for the case of CP symmetry, but it is obvious how the analysis can be carried over to other symmetries. In this context, it would be interesting to see if infrared fixed points with large mixings, as discussed in [76, 74], can be obtained for (nonstandard) Dirac neutrinos as well [77]. In this case, one may hope for a scenario where the large mixings are a consequence of running, and the mechanism of generation of neutrino masses is still related to the scale where gauge couplings meet.

We conclude that in the light of future precision experiments, flavor physics might enter into an era of “precision model building”. It seems possible to determine the mixing parameters to a remarkable accuracy, precise enough such that flavor models and the corresponding renormalization group effects become to a certain degree distinguishable. For a specific parameter and a desired accuracy, our formulae allow to estimate the renormalization group effects, and to judge to which extent a numerical analysis is required.

Acknowledgments

We would like to thank S. Antusch, A. Dedes and J. Kersten for valuable discussions. One of us (M.R.) would like to thank the Aspen Center for Physics for support, and the CERN theory group for hospitality. This work was partially supported by the EU 6th Framework Program MRTN-CT-2004-503369 “Quest for Unification” and MRTN-CT- 2004-005104 “ForcesUniverse”. This work was also supported by the Deutsche Forschungsgemeinschaft in the “Sonderforschungsbereich 375 für Astro-Teilchenphysik” and under project number RO-2516/3-1.

A. Mixing parameters RGEs for Dirac masses

A.1 Lagrangian

The Yukawa couplings are given by

−L_{Yuk} = (Y_ν )_{gf} N^g_Rϕ̃^†ℓ^f_L + (Y_e)_{gf} e^g_Rϕ^†ℓ^f_L + (Y_u)_{gf} u^g_Rϕ̃^†Q^f_L + (Y_d)_{gf} d^g_Rϕ^†Q^f_L (A.1)

in the SM extended by right-handed neutrinos where ϕ̃ = iσ_2ϕ^∗. In the extended MSSM, the Yukawa couplings are analogously defined in the superpotential by

W_{Yuk} = (Y_ν )_{gf} N^{Cg}_R ϕ^{(2)}ϵ^T ℓ^f_L +(Y_e)_{gf} e^{Cg}_R ϕ^{(1)}ϵℓ^f_L +(Y_u)_{gf} u^{Cg}_R ϕ^{(2)}ϵ^T Q^f_L +(Y_d)_{gf} d^{Cg}_R ϕ^{(1)}ϵQ^f_L . (A.2) The left-handed lepton and quark doublets are denoted by ℓ_L and Q_L, respectively. We assume that there is no Majorana mass term for the right-handed neutrinos.

A.2 β-functions

The relevant β-functions for the down-type quark, up-type quark, charged lepton and neutrino Yukawa coupling matrices Y_d, Y_u, Y_e and Y_ν read at one-loop [78, 79]

(4π)^2Ẏ_d = Y_d � C^d_d Y^†_d Y_d + C^u_d Y^†_u Y_u + α_d � , (A.3a)

– 11 –

(4π)^2Ẏ_u = Y_u � C^d_u Y^†_d Y_d + C^u_u Y^†_u Y_u + α_u � , (A.3b)

(4π)^2Ẏ_e = Y_e � C^e_e Y^†_e Y_e + C^ν_e Y^†_ν Y_ν + α_ℓ � , (A.3c)

(4π)^2Ẏ_ν = Y_ν � C^e_ν Y^†_e Y_e + C^ν_ν Y^†_ν Y_ν + α_ν � , (A.3d)

where

C^d_d = � 3/2 , (SM) 3 , (MSSM)

C^u_d = � −3/2 , (SM) 1 , (MSSM)

(A.4a)

C^d_u = � −3/2 , (SM) 1 , (MSSM)

C^u_u = � 3/2 , (SM) 3 , (MSSM)

(A.4b)

C^e_e = � 3/2 , (SM) 3 , (MSSM)

C^ν_e = � −3/2 , (SM) 1 , (MSSM)

(A.4c)

C^e_ν = � −3/2 , (SM) 1 , (MSSM)

C^ν_ν = � 3/2 , (SM) 3 , (MSSM)

(A.4d) and α_d = � −^1_4 g^2_1 −^9_4 g^2 − 8 g^2_3 + T_{SM} , (SM)

3 Tr(Y^†_d Y_d) + Tr(Y^†_e Y_e) −^7_{15} g^2_1 − 3 g^2 −^{16}_3 g^2_3 , (MSSM)

(A.5a)

α_u = � −^{17}_{20} g^2_1 −^9_4 g^2 − 8 g^2_3 + T_{SM} , (SM)

Tr(Y^†_ν Y_ν ) + 3 Tr(Y^†_u Y_u) −^{13}_{15} g^2_1 − 3 g^2 −^{16}_3 g^2_3 , (MSSM)

(A.5b)

α_ℓ = � −^9_4 g^2_1 −^9_4 g^2 + T_{SM} , (SM)

3 Tr(Y^†_e Y_e) + Tr(Y^†_ν Y_ν ) −^9_5 g^2_1 − 3 g^2 , (MSSM)

(A.5c)

α_ν = � −^9_{20} g^2_1 −^9_4 g^2 + T_{SM} , (SM)

Tr(Y^†_ν Y_ν ) + 3 Tr(Y^†_u Y_u) −^3_5 g^2_1 − 3 g^2 , (MSSM) .

(A.5d)

Here, we define T_{SM} ≡ Tr � Y^†_e Y_e + Y^†_ν Y_ν + 3 Y^†_d Y_d + 3 Y^†_u Y_u � , and use GUT normalization for g_1.

A.3 General derivation

In this subsection, we will perform a general analysis applicable for any Dirac masses, and treat the evolution of lepton and quark masses and mixings only as a special case.

We derive the running of mixing parameters for a RGE of the form

16π^2 d dt H = F^† H + H F + f H , (A.6)

where f is real and H is hermitean, so that we can diagonalize it in a ‘reference basis’,

U^† · H · U = D . (A.7)

– 12 –

In the application in the main part, F corresponds either to C^u_d Y^†_u Y_u + C^d_d Y^†_d Y_d (or C^e_ν Y^†_e Y_e + C^ν_ν Y^†_ν Y_ν for the lepton sector), and H to Y^†_d Y_d (or Y^†_ν Y_ν ). The ‘reference basis’ is the basis where Y^†_u Y_u (or Y^†_e Y_e) is diagonal at t = t_0. U denotes then to the CKM matrix U_{CKM} (or the MNS matrix U_{MNS}). f denotes the diagonal parts of the β-function, f = 2α_d (or f = 2α_ν ).

Now we perform an analysis very similar to what is done in [27] which is based on [79, 80, 32]. We can differentiate the relation H = U · D · U^†, d dt (U · D · U^†) = U̇ · D · U^† + U · D ·U̇^† + U ·Ḋ · U^† != 1 16π^2 � F^† · U · D · U^† + U · D · U^† · F + f U · D · U^† � . (A.8)

Multiplying by U^† from the left and by U from the right yields

U^† ·U̇ · D + D ·U̇^† · U +Ḋ = 1 16π^2 � F^{′ †} · D + D · F^′ + f D � , (A.9)

where F^′ = U^† · F · U. For the quark case, F^′ = C^d_d D + C^u_d U^†Y^†_u Y_u U. We will see below that only the off-diagonal components are relevant for the RGEs of the mixing parameters.

The evolution of U can be written as d dt U = U · X , (A.10)

where X is anti-hermitean. Inserting this relation yields

Ḋ + X · D + D · X^† = 1 16π^2 � F^{′ †} · D + D · F^′ + f D � , (A.11)

or, by using the anti-Hermitecity of X,

Ḋ = 1

16π^2 � f D + F^{′ †} · D + D · F^′ � − X · D + D · X . (A.12)

Denoting the entries of D by y^2_i , i.e. D = diag(y^2_1 , y^2, y^2_3 ), we find d dt y^2_i = 1 16π^2 � f y^2_i + (F^{′ ∗}_{ii} + F^′_{ii}) y^2_i � , (A.13)

i.e. the terms proportional to X have dropped out. This equation corresponds to a RGE for the running mass eigenvalues, defined by m_i(t) = |y_i(t)| v with v fixed, of the form

(4π)^2ṁ_i = (Re F^′_{ii} + α) m_i . (A.14)

By analyzing the off-diagonal parts we obtain

y^2_i X_{ij} − X_{ij} y^2_j = − 1 16π^2 � (F^{′ †})_{ij} y^2_j + y^2_i F^′_{ij} � . (A.15)

This can be converted into equations for real and imaginary part of X, which, since F is hermitean, can be combined to

16π^2X_{ij} = y^2_j + y^2_i y^2_j − y^2_i

F^′_{ij} . (A.16)

– 13 –

The diagonal parts of X remain undetermined. However, this is not a problem, since they only influence the RG evolution of the unphysical phases.^8

So far, we have derived the differential change of the CKM matrix due to the RG corrections for Y^†_d Y_d (cf. eq. (A.10)). In the Majorana neutrino case, the analogous differential equation already describes the evolution of the MNS matrix since Y^†_e Y_e doesn’t get rotated by the RGE.^9 For Dirac neutrinos, Y^†_e Y_e gets rotated only by terms proportional to the squares of Dirac Yukawa couplings, hence those rotations can safely be neglected. In the quark sector, the radiative rotation of Y^†_u Y_u represents an important effect, as we will argue in the following.

A.4 Contribution from the change of Y_u

Here, we specialize to the quark sector as the analogous effect is irrelevant for Dirac neutrinos.

The RGE for Y_u contains non-diagonal terms so that continuous re-diagonalization is required. Since the mixing matrix U_{CKM} is defined as the matrix which diagonalizes Y^†_d Y_d in the basis in which Y_u is diagonal, U_{CKM} receives an additional contribution from the running of Y_u, d dt U_{CKM} = U_{CKM} · X + term stemming from the change of Y_u . (A.17)

To evaluate this change, we can essentially repeat the steps of the previous subsection. Introducing a matrix ~U which diagonalizes Y^†_u Y_u in the reference basis (implying ~U(t = t_0) = 1), i.e.

~U^† Y^†_u Y_u ~U = diag(~y^2_1 , ~y^2, ~y^2_3 ) , (A.18)

we arrive at d dt ~U = ~U · ~X , (A.19)

where the off-diagonal entries of ~X are given by

16π^2 ~X_{ij} =

~y^2_i + ~y^2_j ~y^2_j − ~y^2_i

~F_{ij} . (A.20)

Completely analogous to (A.3), ~F^′ = ~U^† · ~F · ~U , (A.21)

and at t = t_0 ~F^′ = C^d_u U D U^† + C^u_u Y^†_u Y_u . (A.22)

Again, only the off-diagonal terms influence the RGEs of the mixing angles.

8Note that the Majorana phases are unphysical in the the Dirac case as well.

9This is only true at leading order in M^{−1} where M denotes the scale of the effective neutrino mass operator (e.g. the see-saw scale) [81].

– 14 –

A.5 Mixing parameter RGEs in the quark sector

As U_{CKM} = ~U^{−1} U = ~U^†U, the RGE for the CKM matrix reads d dt U_{CKM} = ~X^† · U_{CKM} + U_{CKM} · X . (A.23)

To proceed, we label the mixing parameters by

{ξ_k} = {θ_{12}, θ_{13}, θ_{23}, δ, δ_e, δ_μ , δ_τ , φ_1, φ_2} , (A.24)

and evaluate the derivative of U_{CKM},

U̇_{CKM} = U̇_{CKM} � {ξ̇_k}, {ξ_k} � . (A.25)

Observe that the resulting expression is linear in ξ̇_k. By solving a system of linear equations of the form � k A^{(k)}_{T X} ξ̇_k + i S^{(k)}_{T X} ξ̇_k = R_X , (A.26)

where R_X = U_{MNS} · T + X^† · U_{MNS} , (A.27)

we thus obtain a set of linear equations for the ξ̇_k. RGEs for the matrix elements have been derived in refs. [80, 79].

From these, we obtain the RGEs for the mixing angles in the quark sector. Neglecting all Yukawa coupling except for y_t and y_b, they read

ϑ̇_{12} = C^{ud} y^{t2}

64 π^2 cos(ϑ_{12}) � (3 − cos 2 ϑ_{13}) cos 2 ϑ_{23} − 2 cos^2 ϑ_{13} � sin ϑ_{12}+ + 4 cos δ_{CP} cos ϑ_{12} sin ϑ_{13} sin 2 ϑ_{23}} , (A.28a) ϑ̇_{13} = − sin 2 ϑ^{13} 64 π^2 � 2 C^d_u y^2_b + C^u_d y^2_t (1 + cos 2 ϑ_{23}) � , (A.28b)

ϑ̇_{23} = − sin 2 ϑ^{23} 64 π^2 � C^d_u y^2_b (1 + cos 2 ϑ_{13}) + 2 C^u_d y^2_t � . (A.28c)

It turns out that finite y_s and y_c corrections yield an important but sub-dominant effect for ϑ̇_{12}. The dominant term in the RGE of δ_{CP} is

δ̇_{CP} = C^{ud} y^{2s} y^{2t} 8 π^2 � y^2_b − y^2_s

� cos ϑ_{12} cos ϑ_{23} sin δ sin ϑ_{12} sin ϑ_{23} × ϑ^{−1}_{13} . (A.29)

A.6 Mixing parameter RGEs in the (Dirac) neutrino sector

In order to derive analogous RGEs for the leptonic mixing parameters, observe that the RG change of Y^†_e Y_e is quadratic in neutrino Yukawa couplings, i.e. strongly suppressed. Thus, we can safely neglect the ~X contribution, d dt U_{MNS} = ~X^† · U_{MNS} + U_{MNS} · X ≃ U_{MNS} · X , (A.30)

where X is now related to F^′ by eq. (A.16), and F^′ = C^ν_ν D +C^e_ν U^†_{MNS}Y^†_e Y_e U_{MNS} at t = t_0.

– 15 –

References

[1] P. Minkowski, μ → eγ at a rate of one out of 1-billion muon decays?, Phys. Lett. B 67 (1977) 421.

[2] P. Ramond, The family group in grand unified theories, invited talk given at Sanibel symposium, Palm Coast 1979, published in Paris 2004, Seesaw 25 pp. 265–280 [hep-ph/9809459].

[3] T. Yanagida, Horizontal gauge symmetry and masses of neutrinos, in Proceedings of the workshop on the unified theory and the baryon number in the universe, O. Sawada and A. Sugamoto eds., KEK, Tsukuba, Japan, 1979, p. 95.

[4] S.L. Glashow, The future of elementary particle physics, in Proceedings of the 1979 Cargèse summer institute on quarks and leptons, M. Lévy, J.-L. Basdevant, D. Speiser, J. Weyers, R. Gastmans and M. Jacob eds., Plenum Press, New York 1980, pp. 687–713.

[5] M. Gell-Mann, P. Ramond and R. Slansky, Complex spinors and unified theories, in Supergravity, P. van Nieuwenhuizen and D.Z. Freedman eds.), North Holland, Amsterdam 1979, p. 315.

[6] R.N. Mohapatra and G. Senjanovic, Neutrino mass and spontaneous parity nonconservation, Phys. Rev. Lett. 44 (1980) 912.

[7] R.N. Mohapatra and J.W.F. Valle, Neutrino mass and baryon-number nonconservation in superstring models, Phys. Rev. D 34 (1986) 1642.

[8] N. Arkani-Hamed, L.J. Hall, H. Murayama, D.R. Smith and N. Weiner, Small neutrino masses from supersymmetry breaking, Phys. Rev. D 64 (2001) 115011 [hep-ph/0006312].

[9] F. Borzumati and Y. Nomura, Low-scale see-saw mechanisms for light neutrinos, Phys. Rev.

D 64 (2001) 053005 [hep-ph/0007018].

[10] R. Kitano, Small Dirac neutrino masses in supersymmetric grand unified theories, Phys. Lett.

B 539 (2002) 102 [hep-ph/0204164].

[11] R. Arnowitt, B. Dutta and B. Hu, Yukawa textures, neutrino masses and Hořava-Witten M-theory, Nucl. Phys. B 682 (2004) 347 [hep-th/0309033].

[12] S. Abel, A. Dedes and K. Tamvakis, Naturally small Dirac neutrino masses in supergravity, Phys. Rev. D 71 (2005) 033003 [hep-ph/0402287].

[13] P.Q. Hung, Brane world unification of quark and lepton masses and its implication for the masses of the neutrinos, Nucl. Phys. B 720 (2005) 89 [hep-ph/0412262].

[14] P. Ko, T. Kobayashi and J.-h. Park, Lepton masses and mixing angles from heterotic orbifold models, Phys. Rev. D 71 (2005) 095010 [hep-ph/0503029].

[15] S. Antusch, O.J. Eyton-Williams and S.F. King, Dirac neutrinos and hybrid inflation from string theory, JHEP 08 (2005) 103 [hep-ph/0505140].

[16] J. Giedt, G.L. Kane, P. Langacker and B.D. Nelson, Massive neutrinos and (heterotic) string theory, Phys. Rev. D 71 (2005) 115013 [hep-th/0502032].

[17] H. Murayama, Alternatives to seesaw, Nucl. Phys. 137 (Proc. Suppl.) (2004) 206 [hep-ph/0410140].

[18] A.Y. Smirnov, Alternatives to the seesaw mechanism, hep-ph/0411194.

– 16 –

[19] R.N. Mohapatra et al., Theory of neutrinos, hep-ph/0412099.

[20] M. Fukugita and T. Yanagida, Baryogenesis without grand unification, Phys. Lett. B 174 (1986) 45.

[21] W. Buchmüller, R.D. Peccei and T. Yanagida, Leptogenesis as the origin of matter,

hep-ph/0502169.

[22] K. Dick, M. Lindner, M. Ratz and D. Wright, Leptogenesis with Dirac neutrinos, Phys. Rev.

Lett. 84 (2000) 4039 [hep-ph/9907562].

[23] H. Murayama and A. Pierce, Realistic Dirac leptogenesis, Phys. Rev. Lett. 89 (2002) 271601 [hep-ph/0206177].

[24] A.D. Dolgov, K. Kainulainen and I.Z. Rothstein, Bounds on Dirac neutrino masses from nucleosynthesis, Phys. Rev. D 51 (1995) 4129 [hep-ph/9407395].

[25] C.W. Chiang, CP violation for leptons at higher energy scales, Phys. Rev. D 63 (2001) 076009 [hep-ph/0011195].

[26] Particle Data Group collaboration, S. Eidelman et al., Review of particle physics, Phys.

Lett. B 592 (2004) 1.

[27] S. Antusch, J. Kersten, M. Lindner and M. Ratz, Running neutrino masses, mixings and CP phases: analytical results and phenomenological consequences, Nucl. Phys. B 674 (2003) 401 [hep-ph/0305273].

[28] S. Antusch, M. Drees, J. Kersten, M. Lindner and M. Ratz, Neutrino mass operator renormalization revisited, Phys. Lett. B 519 (2001) 238 [hep-ph/0108005].

[29] S. Antusch, M. Drees, J. Kersten, M. Lindner and M. Ratz, Neutrino mass operator renormalization in two Higgs doublet models and the MSSM, Phys. Lett. B 525 (2002) 130 [hep-ph/0110366].

[30] P.H. Chankowski and Z. Pluciennik, Renormalization group equations for seesaw neutrino masses, Phys. Lett. B 316 (1993) 312 [hep-ph/9306333].

[31] K.S. Babu, C.N. Leung and J.T. Pantaleone, Renormalization of the neutrino mass operator, Phys. Lett. B 319 (1993) 191 [hep-ph/9309223].

[32] J.A. Casas, J.R. Espinosa, A. Ibarra and I. Navarro, General RG equations for physical neutrino parameters and their phenomenological implications, Nucl. Phys. B 573 (2000) 652 [hep-ph/9910420].

[33] S. Antusch, J. Kersten, M. Lindner, M. Ratz and M.A. Schmidt, Running neutrino mass parameters in see-saw scenarios, JHEP 03 (2005) 024 [hep-ph/0501272].

[34] Y. Suzuki, Super-Kamiokande: present and future, Nucl. Phys. 137 (Proc. Suppl.) (2004) 5.

[35] M.C. Gonzalez-Garcia, Global analysis of neutrino data, hep-ph/0410030.

[36] Super-Kamiokande collaboration, S. Fukuda et al., Determination of solar neutrino oscillation parameters using 1496 days of Super-Kamiokande-I data, Phys. Lett. B 539 (2002) 179 [hep-ex/0205075].

[37] B.T. Cleveland et al., Measurement of the solar electron neutrino flux with the homestake chlorine detector, Astrophys. J. 496 (1998) 505.

– 17 –

[38] SAGE collaboration, J.N. Abdurashitov et al., Measurement of the solar neutrino capture rate with gallium metal, Phys. Rev. D 60 (1999) 055801 [astro-ph/9907113].

[39] GALLEX collaboration, W. Hampel et al., Gallex solar neutrino observations: results for Gallex IV, Phys. Lett. B 447 (1999) 127.

[40] GNO collaboration, C.M. Cattadori, Update of solar neutrino interaction rate measurements from GNO at LNGS, Nucl. Phys. 110 (Proc. Suppl.) (2002) 311.

[41] SNO collaboration, Q.R. Ahmad et al., Direct evidence for neutrino flavor transformation from neutral-current interactions in the sudbury neutrino observatory, Phys. Rev. Lett. 89 (2002) 011301 [nucl-ex/0204008].

[42] SNO collaboration, Q.R. Ahmad et al., Measurement of day and night neutrino energy spectra at SNO and constraints on neutrino mixing parameters, Phys. Rev. Lett. 89 (2002) 011302 [nucl-ex/0204009].

[43] SNO collaboration, S.N. Ahmed et al., Measurement of the total active^8B solar neutrino flux at the Sudbury Neutrino Observatory with enhanced neutral current sensitivity, Phys. Rev. Lett. 92 (2004) 181301 [nucl-ex/0309004].

[44] KamLAND collaboration, A. Suzuki, Results from KamLAND, Nucl. Phys. 137 (Proc.

Suppl.) (2004) 21.

[45] CHOOZ collaboration, M. Apollonio et al., Initial results from the Chooz long baseline reactor neutrino oscillation experiment, Phys. Lett. B 420 (1998) 397 [hep-ex/9711002].

[46] M. Apollonio et al., Search for neutrino oscillations on a long base-line at the Chooz nuclear power station, Eur. Phys. J. C 27 (2003) 331 [hep-ex/0301017].

[47] F. Boehm et al., Search for neutrino oscillations at the Palo Verde nuclear reactors, Phys.

Rev. Lett. 84 (2000) 3764 [hep-ex/9912050].

[48] M. Maltoni, T. Schwetz, M.A. Tortola and J.W.F. Valle, Status of global fits to neutrino oscillations, New J. Phys. 6 (2004) 122 [hep-ph/0405172].

[49] M. Maltoni, T. Schwetz, M.A. Tortola and J.W.F. Valle, Status of three-neutrino oscillations after the SNO-SALT data, Phys. Rev. D 68 (2003) 113010 [hep-ph/0309130].

[50] M. Freund, P. Huber and M. Lindner, Extracting matter effects, masses and mixings at a neutrino factory, Nucl. Phys. B 585 (2000) 105 [hep-ph/0004085].

[51] M. Freund, P. Huber and M. Lindner, Systematic exploration of the neutrino factory parameter space including errors and correlations, Nucl. Phys. B 615 (2001) 331 [hep-ph/0105071].

[52] P. Huber, M. Lindner and W. Winter, Synergies between the first-generation JHF-SK and NuMI superbeam experiments, Nucl. Phys. B 654 (2003) 3 [hep-ph/0211300].

[53] M. Lindner, The physics potential of future long-baseline neutrino oscillation experiments, Springer Tracts Mod. Phys. 190 (2003) 209 [hep-ph/0209083].

[54] P. Huber, M. Lindner and W. Winter, Superbeams versus neutrino factories, Nucl. Phys. B 645 (2002) 3 [hep-ph/0204352].

[55] MINOS, E. Ables et al., P-875: a long baseline neutrino oscillation experiment at Fermilab, FERMILAB-PROPOSAL-0875.

– 18 –

[56] ICARUS, P. Aprili et al., The ICARUS experiment: a second-generation proton decay experiment and neutrino observatory at the Gran Sasso laboratory. Cloning of T600 modules to reach the design sensitive mass. (Addendum), CERN-SPSC-2002-027.

[57] OPERA collaboration, D. Duchesneau, The Cern-Gran Sasso neutrino program, eConf C0209101 (2002) TH09 [hep-ex/0209082].

[58] Y. Itow et al., The JHF-Kamioka neutrino project, in Proceedings of the 3rd workshop on neutrino oscillations and their origin (NOON 2001) Y. Suzuki, M. Nakahata, Y. Fukuda, Y. Takeuchi, T. Mori and T. Yoshida eds., World Scientific, Singapore 2003, p. 239.

[59] Nova collaboration, D. Ayres et al., Letter of intent to build an off-axis detector to study ν_μ → ν_e oscillations with the NuMI neutrino beam, hep-ex/0210005.

[60] K. Anderson et al., White paper report on using nuclear reactors to search for a value of θ_{13},

hep-ex/0402041.

[61] P. Huber, M. Lindner, M. Rolinec, T. Schwetz and W. Winter, Combined potential of future long-baseline and reactor experiments, Nucl. Phys. 145 (Proc. Suppl.) (2005) 190 [hep-ph/0412133].

[62] H. Minakata, M. Sonoyama and H. Sugiyama, Determination of θ_{23} in long-baseline neutrino oscillation experiments with three-flavor mixing effects, Phys. Rev. D 70 (2004) 113012 [hep-ph/0406073].

[63] P. Huber, M. Lindner, T. Schwetz and W. Winter, Reactor neutrino experiments compared to superbeams, Nucl. Phys. B 665 (2003) 487 [hep-ph/0303232].

[64] S. Choubey and S.T. Petcov, Reactor anti-neutrino oscillations and gadolinium loaded Super-Kamiokande detector, Phys. Lett. B 594 (2004) 333 [hep-ph/0404103].

[65] I. Gogoladze and A. Perez-Lorenzana, Small Dirac neutrino masses and R-parity from anomalous U(1) symmetry, Phys. Rev. D 65 (2002) 095011 [hep-ph/0112034].

[66] C. Hagedorn and W. Rodejohann, Minimal mass matrices for Dirac neutrinos, JHEP 07 (2005) 034 [hep-ph/0503143].

[67] P. Huber, M. Lindner, M. Rolinec and W. Winter, Physics and optimization of beta-beams:

from low to very high gamma, hep-ph/0506237.

[68] M. Raidal, Relation between the neutrino and quark mixing angles and grand unification, Phys. Rev. Lett. 93 (2004) 161801 [hep-ph/0404046].

[69] H. Minakata and A.Y. Smirnov, Neutrino mixing and quark lepton complementarity, Phys.

Rev. D 70 (2004) 073009 [hep-ph/0405088].

[70] P.H. Frampton and R.N. Mohapatra, Possible gauge theoretic origin for quark-lepton complementarity, JHEP 01 (2005) 025 [hep-ph/0407139].

[71] J.-W. Mei, Running neutrino masses, leptonic mixing angles and CP-violating phases: from M_Z to Λ_{GUT} , Phys. Rev. D 71 (2005) 073012 [hep-ph/0502015].

[72] J. Ellis, A. Hektor, M. Kadastik, K. Kannike and M. Raidal, Running of low-energy neutrino masses, mixing angles and CP-violation, hep-ph/0506122.

[73] P. Huber, M. Lindner and W. Winter, From parameter space constraints to the precision determination of the leptonic Dirac CP phase, JHEP 05 (2005) 020 [hep-ph/0412199].

– 19 –

[74] J.A. Casas, J.R. Espinosa and I. Navarro, Large mixing angles for neutrinos from infrared fixed points, JHEP 09 (2003) 048 [hep-ph/0306243].

[75] W. Grimus and L. Lavoura, Softly broken lepton number L_e − L_μ − L_τ with non-maximal solar neutrino mixing, J. Phys. G 31 (2005) 683 [hep-ph/0410279].

[76] J.A. Casas, J.R. Espinosa and I. Navarro, New supersymmetric source of neutrino masses and mixings, Phys. Rev. Lett. 89 (2002) 161801 [hep-ph/0206276].

[77] A. Dedes, in preparation.

[78] M.E. Machacek and M.T. Vaughn, Two loop renormalization group equations in a general quantum field theory, 2. Yukawa couplings, Nucl. Phys. B 236 (1984) 221.

[79] B. Grzadkowski and M. Lindner, Nonlinear evolution of Yukawa couplings, Phys. Lett. B 193 (1987) 71.

[80] K.S. Babu, Renormalization group analysis of the Kobayashi-Maskawa matrix, Z. Physik C 35 (1987) 69.

[81] A. Broncano, M.B. Gavela and E. Jenkins, Renormalization of lepton mixing for Majorana neutrinos, Nucl. Phys. B 705 (2005) 269 [hep-ph/0406019].

– 20 –